Results of S. K. Donaldson, and others, concerning the intersection forms of smooth 4-manifolds are used to give new information on the unknotting numbers of certain classical knots. This information is particularly sensitive to the signs of the knot crossings changed in an unknotting process.
1. Suppose that a knotted simple closed curve K is allowed to move around in 3-space, occasionally crossing itself until finally it is unknotted. The unknotting-number of K, u(K), is the least number of self-crossings required in such a process. This intuitively attractive knot invariant is hard to calculate, and attempts to understand it seem to involve a wide range of topological techniques. In this paper recent results on smooth 4-manifolds will be used, occasionally combined with analysis of the linking form on a double branched cover.
There are some reasonably well-known inequalities concerning u(K) which sometimes determine it uniquely. Although an upper bound for u(K) is usually obtained experimentally, it is known that 0 <»(#)< j(c(K)-l) where c(K) is the minimal number of crossovers in a presentation of K. A lower bound comes from 0 < \\o(K)\ < g*(K) < u(K) where a(K) is the signature of K and g*(K) is the 4-ball genus of K. This comes from the work of K. Murasugi [19] ; a similar inequality involves the /»-signatures of A. G. Tristram [24] . As foreshadowed in [25] and developed in [20] (where many stimulating examples are given), m(K) < u(K) where m(K) is the dimension of a minimal sized square presentation matrix for the Alexander module of K. Note that these lower bounds vanish if AK(t) = 1, where àK(t) is the Alexander polynomial of K, although there are examples of such knots with intuitively high unknotting numbers.
In [16] information about u(K) was extracted from MK, the double cover of S3 branched over K, by considering the linking form on Hf(MK). As was there intimated, if u(K) = 1 the nature of that linking form may depend upon the sign of the crossover that changes in order to obtain the unknot from K. In what follows a knot or link is an isotopy class of oriented 1-manifolds in S3, where S3 has a fixed 'standard' orientation, and, when convenient S3 = R3 U {oo}. Suppose that knots K+ and K have representatives in S3 that are identical outside a 3-ball within which they are as shown in Figure 1 .1. Then K_ can be obtained from K+ by changing a positive crossing; K+ can be obtained from K by changing a negative crossing.
Note that this idea is, in fact, independent of the orientations chosen for the knots (provided they agree outside the ball). The idea does, of course, correspond to the idea of changing crossovers on diagrams of knots, but note that the definition permits the possibility of changing a positive crossing on any knot, even when a simple diagram of that knot may not have a positive crossing at all (e.g. the unknot). The definition now extends to defining K2 to be obtainable from AT, by crossing changes of type (r, s) if there is a sequence of changes of r positive and s negative crossings which alters AT, to K2. It is fairly easy to see that then a diagram of Kf can be found containing r positive and s negative crossovers such that changing them produces a diagram of K2. Of particular interest is the case when K2 is the unknot°U . Let ^(r, s) be the set of all knots K such that K can be unknotted by crossing changes of type (r, s). Note that <%(r, s) c %(r + 1, s) and <W(r, s) c <%(r, s + 1).
Here r and í are nonnegative integers or infinity, where ^(r, oo) and ^(oo, s) both denote the set of all knots. Then the complete unknotting information about a knot K is described by the decreasing function of r given by fK(r) = Min{s: K<z<%(r,s)}.
The unknotting number of K is defined by u(K) = Uin{r + s: K g <%(r,s)}, a somewhat more limited invariant, though if u(K) = 1 then t^T g ^(0,1) U ^(1,0). This last situation is analyzed in Proposition 2.1 in terms of the linking form on Hf(MK). A necessary condition is given in terms of the values of that form for K to unknot by the changing of a crossing of sign e. For a specific K this will sometimes
show that K € <%(0,1) or that t\T <£ <%(1,0) or both. The remainder of §2 shows, by means of specific pretzel-knot examples that similar, but complementary information can be obtained using 4-manifold theory: There are knots K such that K £ ^C(r, 0) for any r < oo (Corollary 2.11). As already mentioned, there is a well-known connection between unknotting numbers and 4-ball genera, and this can be trivially reinterpreted as stating that K g ^¿(r, 0) implies that a slice knot can be created from K by changing r positive crossings. But S. K. Donaldson's theory on the nonexistence of certain 4-manifolds implies that certain knots cannot be slice and this is exploited in a rather particular manner. If t^T g °U(r, s) then K bounds a disc immersed in B4 with r positive and s negative self-intersection points. By taking the connected sum of B4 with some complex projective planes, this immersion can be changed to an embedding. The double cover of this 4-manifold branched over the embedded disc is a 4-manifold W with boundary MK. In Theorem 3.7 the rank of H2(W) is calculated, and so is the signature of W in terms of o(K) and a factor involving the orientations of the projective planes; also tt^W) = 0. That theorem illuminates (in Corollary 3.9) the concepts of positive and negative ' kinkiness' of a knot defined by R. E. Gompf [10] .
The strategy of the final section is to assume K can be unknotted in a certain manner, produce W as above, but then note that MK in fact bounds no such W. Pretzel knots of unit Alexander polynomial provide the first examples, for then MK is a Brieskorn homology sphere and the work of R. Fintushel and R. J. Stern [8] provides necessary conditions on a manifold whose boundary is MK. This produces, in Corollary 4.2, knots K such that K £ <%(r,0) for any r < oo (though Corollary 2.11 is not subsumed). Theorem 4.5 considers K to be an untwisted double (with appropriate clasp) of a twisted double of the unknot (again A(i) = 1). Specific handle maneuvers are used to show that MK bounds a 4-manifold V with nontrivial intersection form which, when glued to the hypothetical W of §3, would contradict the result of Donaldson. The final result is that K € <%(0,s) for any s although u(K)=l.
The above discussion becomes a short survey of present knowledge concerning unknotting numbers when it is augmented by two further results: It has been proved that if u(K) = 1 then tí is a prime knot [23] although the conjecture that u(Kf + K2) = u(Kf) + u(K2) appears to be still unsolved. Also, using the surgery results of [5] it has been shown in [18] that the rational (or 2-bridge) knot K(p/q) has unknotting number 1 if and only if K(p/q) = K(p/2n2) for some n such that 2mn = p + 1, for m and n coprime. This makes it easy to determine whether u(K(p/q))= 1. The first knot in the classical tables with unknotting number unknown appears to be 810. The obvious conjecture is that w(810) be two, but 810 is not a rational knot and its 4-ball genus is one.
2. An exploration will now be made of the relevance of linking forms in double branched covers to unknotting numbers. By taking careful account of signs, the information obtained can be complemented by results from 4-manifold theory.
Let a knot K have a Seifert surface F, and let the Seifert form //,(F) X Hf(F) -* Z be represented, with respect to some basis by the Seifert matrix V. in Q/Z. Further, the signature of K is either zero or -2e.
Proof. Suppose that K and the unknot have presentations in the plane that are identical except near a single point where they are as shown in Figure 2 .2 (a) and (b) respectively. Thus K can be unknotted by changing a negative crossing. Seifert surfaces, constructed from the Seifert circle method, are also shown. These surfaces are also identical outside the area of the diagrams. Take as base for HX(F) classes represented by the curves ex and e2 of (a) together with a base for the surface of (b). where M is VQ + V¿, V0 being the Seifert matrix for the unknot with respect to the chosen base. However, V0 is ¿-equivalent to the zero matrix, so that by means of a basis change and taking the direct sum with copies of (° ¿), V0 + V0' can be changed to a direct sum of copies of (° ¿). A further base change in F (to destroy the xf), means that V + V is of the form (2 2x) summed with copies of (° \).
Hence for K, A(-l) = -(Ax -1) and the linking form X on HX(MK) is represented by ( 
4,-D-f_î -¡\ 0\
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Thus the linking form takes values 0 and 2/3 in Q/Z. The proposition implies that T can never, in any presentation, be unknotted by changing a positive crossing; of course it can be unknotted by changing a negative crossing. Note that a(T) = 2, confirming the above.
Example 2.5. Let the knot 6, be as shown in Figure 2 .6; it has a Seifert matrix (~l ~\), A(-l) = 9, and a(6,) = 0 (indeed, 6, is a slice knot). As 6, can be unknotted by changing a positive crossing, the associated quadratic form takes the values 2w2/9 in Q/Z. However, -2/9 is not of this form so 6t cannot be unknotted by changing a negative crossing, a fact not deducible from its signature.
Figure 2.6
The use of the linking form on Hf(MK) has already been discussed in [16] in connection with unknotting numbers. In that paper investigation of the signs of changed crossings was deliberately avoided, but examples were given to show that consideration of the linking form permitted the determination of unknotting numbers of knots that were previously unknown. The simple examples above show that Proposition 2.1 can be used to show that certain knots cannot be unknotted by changing crossings of sign e. In what follows it will be shown that the results of S. K. Donaldson concerning the intersection form on 4-manifolds can sometimes be used to a similar end. Knots exist for which the first method shows unknotting cannot be achieved by changing a positive crossing and the second method forbids unknotting by changing a negative one.
If (p, q, r) is a triple of odd integers, let K(p, q, r) be the pretzel knot shown in Figure 2 .7, where the three integers denote the numbers of crossings in the three twisted bands in the sense shown (for a negative integer the bands twist the other way). Note that K(p, q, r) is independent of the ordering of (p, q, r) if orientations are neglected. -a2+ E flf= I a, (mod2). 1 9 Hence the intersection form on H2(W), having but 2tV elements with square equal to one, cannot be equivalent to that on H2((8 + N)CP (2)). Thus W, if it existed, would contradict a theorem of S. K. Donaldson [6] . Consider M4 as being created by adding to a 4-ball, one 2-handle via framing -1, (8 + N) 2-handles with framing +1, and then adding a 4-handle. To construct a 2-sphere 2 representing £ proceed as follows: Take three parallel copies of the core of the first 2-handle all oriented in the same way, take three parallel copies of each of the next n cores with each triple having two orientations in one 'direction' and one in the other, take one copy of the core of the next (8 -n) handles, and finally two copies oriented in opposite directions of each core of the last N 2-handles. The first 3(n + 1) of these discs meet the boundary of the 4-ball in links as shown in Figure 2 .9 (where n = 2), the next (8 -n) meet S3 in trivial unlinked unknotted curves, and the last 2 TV* discs meet S3 in N simple negative Hopf links. To complete the creation of 2, band these (2n + 11 + 2N) curves together, respecting all orientations, and cap off the resulting knot by a disc in the 4-ball. As explained above it will be impossible to choose this last disc to be smoothly embedded. However the bands between the first 3(n + 1) curves can be as indicated in Figure  2 .9, and they change the link of 3(n + 1) components into the knot K(l + 2n,l2n,l + 2n). Thus it is impossible to band on to this the N simple negative links to obtain a slice knot. D Note 2.10. Changing a positive crossing is a particular way of band-summing with a simple negative link. Taking n = 2, K(5, -3,5) cannot have positive crossings changed to become a smooth slice knot. Hence K(l, -3,5) is not a smooth slice knot. This is an example of a knot K(p, q, r) for which pq + qr + rp = -1, and this is a necessary and sufficient condition for K(p, q, r) to have unit Alexander polynomial. This is essentially how A. J. Casson first showed that a knot with unit Alexander polynomial need not be smoothly slice (though it is now known to bound a locally flat disc [9] in R4). Similarly, K(9, -5,11) is not slice.
Of course the unknot is a slice knot, so the following corollary comes immediately from Proposition 2.8. so that the linking form on HX(MK) takes the values -An2/9. However, -2/9 is not of this form so that, by Proposition 2.1, K(9, -5,9) cannot be undone by changing a negative crossing. D Of course the validity of this proof does depend upon having all signs correct and coherent in both the linking form theory and in the usage of Donaldson's theorem. Note that they both agree that the left-hand trefoil AT (1,1,1 ) cannot be unknotted by changing positive crossings. Further reassurance can be obtained from the following result that follows from a slight generalization of the proof of Proposition 2.1. Proposition 2.13. If K0 can be obtained from a knot K by changing a crossing of sign e and detK0 = 1, then the linking form on Hf(MK) takes precisely the values 2 en2 / del K. D Now, det K(9, -5,11) = 1, and K(9, -5,11) comes from changing a positive crossing on K(9, -5,9). (Thus the linking form for K (9, -5,9) takes the values 2n2/9 in Q/Z.) This makes it clear that for this knot Propositions 2.1 and 2.8 give information about changes of opposite parity. The knot 6,, discussed in Example 2.5, has V + V given by (I2 ~\) which is congruent to (_f "4). Hence 6, and K(9, -5,9) have isomorphic Seifert forms. As the former can be unknotted by changing a positive crossing, contrary information cannot be deduced about 7^(9, -5,9) from its Seifert form. One might expect K(9, -5,9) to have unknotting number equal to six.
The proof of Proposition 2.8 is decidedly ad hoc. Many other sorts of knots can be constructed by different bandings or by taking different numbers of cores of the 2-handles in constructing 2. There seems to be no clear way of deciding whether or not a given knot will respond to this technique. More systematic use of the Donaldson theorem is made in the next section.
3. In this section, it is demonstrated that the homology-cobordism class of MK contains information which forbids certain otherwise conceivable "routes" of unknotting K via crossing changes (such as unknotting K by changing only positive crossings). Specifically, it is first observed that a crossing change in S3 corresponds to a self-intersection of a particularly simple annulus in S3 X I. Secondly, it is shown that any such immersed annulus can be "desingularized" by connected-summing with copies of CP(2) or CR (2) , and that the 2-fold cover branched over the resulting annulus is a 4-manifold whose intersection form is constrained by the original double-point data. Then, in §4, the powerful theorems of S. K. Donaldson, R. A. Fintushel and R. J. Stern can be applied to reach our conclusions.
Definition. An annulus (or disc) A smoothly immersed in a 4-manifold W is normally-immersed if 3/1 is embedded in 3 W, A is transverse to 3 W, and the self-intersections of A are transverse.
The next proposition observes that the trace of the homotopy associated to a crossing-change is a special normally immersed annulus. 
Furthermore, tTf(S3 -K+) maps onto 7r,((,S3 X /) -A).
Note. Obviously, the same holds for a change of a negative crossing. (2)) yields a positive (negative) Hopf disc bundle over S2 and the boundaries of two identically oriented fibers form a positive (negative) Hopf link under the identification of the circle bundle with S3. By Remark 3.3, it is clear that we may complete 5 to A using CR (2) or CP(2) at each double-point, the only question being whether we must use identically or oppositely oriented fibers to complete S. This has been demonstrated in detail in [15, Appendix] and §3 of [10] .
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Finally, we must demonstrate (a). Note that C -A is the union of B4\S and LI™, (Hopf bundle minus a pair of fibers) along LI™ , (S3 -(Hopf link)). The fundamental group of the complement of two fibers in a Hopf disc bundle is Z, generated by a meridian of either component of the complement of the Hopf link on the boundary. Thus, by Proposition 3.1, trx(S3 -K) maps onto w,(C -A) and in fact, since iTf(S3 -J) does also, it must be that iTf(C -A) = w,(S3 -J) = Z. D Remark 3.6. If K bounds any normally immersed disc in B4 then Lemma 3.4 holds except for (a).
Theorem 3.7. Suppose that the knot K bounds a normally immersed disc in B4 with p positive self-intersections and n negative ones. Let MK denote the 2-fold cover of S3 branched along K. Then, for any nonnegative integers p+, p_, n+, n_ satisfying p + + p_ = p and n + + n_= n, there is a smooth, compact, oriented A-manifold W whose boundary is MK and Note. Here p+, p_ represent the numbers of positive self-intersections which we have chosen to desingularize using CR(2), CR(2) respectively, and n+, n_ are the negative intersections desingularized using CR(2), CR (2) Simply note that x(C) = p + n + 1 and C = (C -A) U (2-handle) so x(C -A) = p + n. Thus x(W -À) = 2(p + n), x(W) = 2(p + n) + 1 and the desired result follows. It is necessary to use the well-known result that MK is a Z2-homology sphere to conclude that H3(W; Q) vanishes. In order to compute the signature of W it will be necessary to make C into a closed manifold and apply the G-signature theorem. Let (-B4,-FK) be the 4-ball with reversed orientation, together with a Seifert surface for the reverse of K pushed into its interior. Let (Y, F) = (C, A) U (-R4, -tT^) be the closed pair, WK be the 2-fold branched cover of (-B4, -FK), and Y be the 2-fold branched cover of (Y, F). Since o(C) = p + + n+-p_-«_, part (a) of Theorem 3.7 follows. Finally, suppose that the disc A arose as in Lemma 3.4. Let X be the 2-fold cover of C -A so that W is X U (2-handle). The diagram shows that j* is onto,
and in fact that itx(X) = Z generated by a meridian of Â. Hence W is simply-con-
nected. D
To see better what this theorem implies, consider the following notions. Definition [11] . The + kinkiness k+ (respectively -kinkiness k_) of a knot K is the minimum, over all normally-immersed discs in B4 whose boundary is K, of the number of positive (negative) self-intersections of such a disc.
Definition. The + unknotting number u+ (respectively -) of a knot K is the minimum, over all sequences transforming K to the unknot, of the number of positive (negative) crossings which are changed.
According to Proposition 3.1, these notions are related:
For example, the figure 8 knot can be unknotted by changing either a positive or a negative crossing so, for it, k + = k_= u + = u_= 0 but its unknotting number is 1. A slice knot will in general have nonzero unknotting numbers even though its kinkinesses vanish. In fact, the kinkinesses are clearly invariants of smooth concordance while the unknotting numbers are not. The philosophy of this section is that it is easier in some cases to deal with kinkiness, a 4-dimensional concept, than with unknotting number, a 3-dimensional concept. with pq + pr + rq = -1. These are the pretzel knots with Alexander polynomial 1 (and signature 0) so that none of the classical invariants yields information on their unknotting numbers or concordance classes. Let us also insist that no two of ( p, q, r) have product equal to -1 in order to exclude the trivial knots K(l, -1, r).
Theorem 4.1. Consider a nontrivial K(p, q, r) with p, q, r odd, and pq + qr + rp = -1. Let e be the sign of pqr. Then the e kinkiness of K is nonzero and the -e kinkiness of K is zero. Proof of Theorem 4.1. It is easy to see that K(p,q,r) can be unknotted by changing e crossings, implying that the -e kinkiness of K is zero. For exactly two of p, q and r will have sign -e, so that K(p, q, r) may be transformed to K(l, -1, r) by changing only crossings of sign e (if the sign of r is e), and the latter is unknotted.
Suppose that the e kinkiness of K were zero. Then, by Corollary 3.9, MK would bound a smooth, compact W with HX(W; Z2) = 0 and with -e definite intersection form. We shall demonstrate in an appendix that MK is in fact the Brieskorn homology sphere 2(|/>|, \q\, \r[) with an orientation -e times the preferred orientation. By Theorems 10.1 and 10.4 of [8] this is a contradiction.
Proof of Corollary 4.2. If K could be unknotted by changing -e crossings then, by Proposition 3.1, the e kinkiness of K would be zero. It should be noted however that Corollary 4.2 can be proved directly from the original theorem of S. Donaldson (without using [7] ) because of the simple connectivity in Theorem 3.7(c)). This is important because the theory of [7] requires, in general, extra conditions on the intersection form which are difficult to establish.
Proof of Corollary 4.3. Any knot whose ( + ,-) kinkiness is (0,«) or (n,0) where n > 0, is of infinite order in the smooth concordance group (1.1 of [11] ). Any knot with unit Alexander polynomial is topologically null concordant [9] . We sketch The relevance of Corollary 4.4 is that the results of §2 can handle only those in the family with n < 17, so that the general technique is indeed more general. However, the concrete technique is successful in some cases where the general technique is unsure. The reason for this will be discussed later.
Finally, we shall show how the general technique may be applied to an "arbitrary" knot. Once again we shall restrict attention to Alexander polynomial one knots to ensure that the classical techniques fail. Proof. Suppose that Kn could be unknotted by changing negative crossings. Then, by Corollary 3.9 and Theorem 3.7(a), MK = Mn would bound a 1-connected smooth 4-manifold Wf with negative definite intersection form. We shall show (below) that in fact Mn bounds a 1-connected smooth 4-manifold W2 with positivedefinite nonstandard intersection form. The 4-manifold Wf U (-W2) would then contradict Donaldson's theorem [6] .
The trick to show M" bounds such a W2 is due to S. Akbulut. Using the obvious genus one Seifert surface for Kr and the methods of [11 one computes that Mn is as in Figure 4 .7(a). Blowing up a +1 about the -2 and blowing down the resulting -1 yields Finally, why did the general technique not immediately succeed in analyzing 7^(9, -5,9) whereas the concrete technique did? The answer points out the weakness in the general program. In this case MK is not a homology sphere, but merely a Z2-homology sphere. Thus, despite the fact that this MK bounds a 4-manifold Wx whose intersection form is negative definite (in fact it is pictured in Figure 5. 3), it is not immediately clear that it does not bound a positive-definite W2 as well. The problem arises because, to reach a contradiction using Donaldson's theorem, one must show that Wf U (-W2) has nonstandard intersection form. If dWx were a homology sphere, then Wf having nonstandard form would imply this, and one might simply attempt to count the elements of square -1 in H2(WX). But, if dWf is not a homology sphere, it is harder to decide if Wf U (-W2) is nonstandard. Indeed, this is an interesting algebraic question on which little work has been done. The correct criterion will probably not be difficult to uncover, but we have not pursued it.
Let us close with the following: Proposition 4.9. For any n g Z+ there is a prime knot with Alexander polynomial 1 which has unknotting number greater than n.
Proof. Gompf has shown that there exist Kn with Alexander polynomial 1 such that the ( +, -) kinkiness is (0, n) [11] . By a theorem of Bleiler, we may assume that the Kn are prime (since kinkiness is a smooth concordance invariant) [2] . By the remarks preceding Corollary 3.9, we are done. □ In contrast, a specific example of a prime knot with Alexander polynomial one and unknotting number more than one does not seem to be known. 5 . Appendix. The following lemma corrects a certain ambivalence in the existing literature [14, 8, 3] as to the orientation. Proof. Using the obvious genus one Seifert surface for K(p,q, r) one computes, using [1] , that MK can be described as in Figure 5 .2(b). Using Rolfsen's "rational calculus" [22] , this can be transformed to Figure 5.2(a) . This can then be identified with -e(2(|/>|, \q\, \r\)) (under the hypothesis above) by transforming it to a known description of the latter [21] . Alternatively, one can show that MK bounds an e definite, 1-connected 4-manifold, which implies the desired result (10.1 of [8] ). For example, in the case that p and q are positive, MK is the boundary of the plumbing manifold shown in Figure 5 .3. This 4-manifold is negative definite providedpqr < 0. 
